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Abstract. In this paper we introduce a novel notion of bisimulation to
properly capture the behavior of stochastic systems with general distri-
butions. The key idea consists in the identification of different sequences
of random variables if the additions of the random variables of each
sequence are identically distributed. That is, we will not only identify
sequences of internal actions with one of them (as it is usually done
in weak bisimulations) but we will also reduce (in some conditions) se-
quences of stochastic transitions to only one transition. Therefore, we will
identify processes that are considered non-equivalent in previous notions
of bisimulation for this kind of languages.

1 Introduction

Process algebras [Hoa85,Hen88,Mil89,BW90] are a powerful mechanism to spec-
ify the functional behavior of concurrent and distributed systems. Nevertheless,
the original formulations were not able to accurately represent systems where
quantitative information, such as time and probabilities, played a fundamental
role. Therefore, several timed and/or probabilistic extensions of process algebras
have been proposed in the literature. In timed process algebras time information
is mainly specified in two different forms: Either by adding a delay operator
or by including information about the time when actions are enabled. So, no
information about the probability associated with this temporal information is
included. However, there are processes in which we would like to specify that
the probability of performing an action changes as time passes. For example, the
event of cars arriving to a petrol station follows a Poisson distribution.

A natural evolution has appeared with the introduction of stochastic process
algebras (e.g. [GHR93,ABC+94,Hil96,Her98,BG98,HS00,LN01,HHK02]) where
time information is incremented with some probabilistic information. For exam-
ple, one may specify a system where a message is expected to be received with
probability 1

2 in the interval (0, 1], with probability 1
4 in (1, 2], and so on. This is

an advantage with respect to timed processes where we could only specify that
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the message arrives in the interval (0,∞). There are two main ways of spec-
ifying this (stochastic) time information: Either by adding a timer to actions
or by specifying (random) delays. In the first case, an expression as (a, ξ) ; P
indicates that the probability of performing a, before time t has passed, is equal
to the probability that the random variable ξ takes values less than or equal to
t. After a is performed, the process behaves as P . For example, if ξ is uniformly
distributed over the interval [1, 2] the probability of executing a before time 2

3
is equal to 0, the probability of executing a before time 3

2 is equal to 1
2 , and so

on. Examples of such languages are [Hil96,BG98,LN00]. In the second case, an
expression as ξ ; P indicates that the process will be delayed according to ξ and
then it will behave as P . Again, if ξ is uniformly distributed over [1, 2], P starts
before time 5

4 with probability 1
4 , before time 2 with probability 1, etc. Examples

of such languages are [Her98,DKB98,LN01,HHK02,BG02]. In this paper we have
preferred to take the second approach because the separation between stochastic
and functional behaviors makes (semantic) definitions simpler.

With a few exceptions most stochastic models consider that distributions
are restricted to be exponential. This restriction simplifies several of the prob-
lems that appear when considering general distributions. In particular, some
quantities of interest, like reachability probabilities or steady-state probabilities,
can be efficiently calculated by using well known methods on Markov chains. Be-
sides, the (operational) definition of the language is usually simpler than the one
for languages allowing general distributions. Nevertheless, this restriction does
not allow to properly specify some kind of systems where time distributions
are not exponential. Moreover, the main weakness of non-exponential models,
the analysis of properties, can be (partially) overcome by restricting the class
of distributions. A good candidate are phase-type distributions. This kind of
distributions has some good properties: they are closed under minimum, maxi-
mum, and convolution, and any other distribution over the interval (0,∞) can
be approximated by arbitrarily accurate phase-type distributions. Moreover, the
analysis of performance measures can be efficiently done in some general cases.

Our aim in this paper is to define an equivalence relation that, on the one
hand, properly captures the branching structure of stochastic processes and that,
on the other hand, it is sufficiently abstract with respect to stochastic transitions.
Even though most of the semantics presented for stochastic process algebras
are bisimulation-like semantics,1 in our opinion previous definitions do not ade-
quately abstract stochastic transitions because these transitions are (essentially)
treated as visible ones. For example, consider the processes depicted in Figure 1
whose initial states are s1 and s2. We think that s1 and s2 could be equivalent
(for a suitable choice of ξ in the second process) but they are usually consid-
ered to be non-equivalent. The reason is that s1 may consecutively perform two
stochastic transitions while s2 may perform only one. This situation represents
a big difference with respect to timed process algebras where, for example, the
following process delay(1) ; delay(2) ;Q is always considered to be equivalent to

1 Two notable exceptions are [BC00,LN01] where testing semantics are defined for
stochastic process algebras.
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Fig. 1. Examples of stochastic processes.

delay(3) ;Q, where delay(n) indicates that the process is delayed n units of time
(in this case, the delay is fixed). Following this reasoning, we should be able to
identify s1 and s2 for an appropriate ξ. A good candidate is to consider that
ξ is distributed as the addition of ξ1 and ξ2. But here appears a drawback of
exponential distributions: They are not closed under addition, that is, if ξ1 and
ξ2 are exponentially distributed, then the random variable ξ1 + ξ2 is not expo-
nentially distributed. For this reason, the restriction to exponential distributions
does not allow to define a semantics with our expected characteristics. However,
to the best of our knowledge, even when considering general distributions, such
a semantics has not been previously presented.

We propose a new bisimulation semantics for stochastic processes. Regarding
the treatment of usual actions, our definition follows the classical weak bisimu-
lation. Let us present some simple examples to show which processes we would
like to identify according to their stochastic behaviors. Consider s3, s4 and s5 in
Figure 1. The first two ones are weakly bisimilar, so we would like to identify
them. On the contrary, s5 is always considered to be different. The reason is sim-
ilar to the case of s1 and s2: A stochastic transition may be performed from s5
while this is not the case for s3 or s4. But this transition leads to the same state
s5, so the intended meaning of this process is “If a is offered by the environment,
then a is performed; if the delay is consumed, then the process comes back to



the initial state”. In other words, we should not be able to distinguish between
s4 and s5 because both can perform a as soon as it is offered by the environ-
ment. Using a similar reasoning, s6 should be also equivalent to the previous
processes. Consider now s7 and s8. Assuming that ψ1 and ψ2 are not identically
distributed, the probabilities of performing a after n units of time have passed
are different. So, s7 and s8 should not be identified (and they are usually not).
Consider now s9, s10 and s11. The first two processes are usually identified in
stochastic bisimulation semantics (so we do). The idea is that the fastest delay
will be taken, and so we must consider a random variable distributed as the min-
imum of ξ1 and ξ2. Besides, following a reasoning similar to that for s1 and s2,
we also consider that s11 is equivalent to both s9 and s10. This example presents
the key point of our semantics: First, we have to check if some transitions may
be joined (by using the minimum) because they lead to equivalent states, and
then we have to check if the continuation must be added to the resulting random
variable. But there are situations where no stochastic transitions are joined at
all. For example, if we consider s12 and we take into account the previous com-
ments on s7 and s8, we should not join the two initial random variables because
they lead to non-equivalent states. So, this process will not be equivalent to any
other process (up to trivial renaming of random variables).

The combination of minimums and additions, that we have commented be-
fore, produces that the definition of the desired semantics is far from trivial.
Consider s15, s16, and s17 in Figure 1. All these processes will be identified in
our semantics. This example illustrates that the minimum is chosen among all
the random variables that lead to equivalent states. The transitions labelled by
ξ1 and ξ2 are joined by the minimum. Afterwards, there does not exist the possi-
bility of adding the following transition (in this case min(ψ1, ψ2)) due to the fact
that this would produce a change in the stochastic choice at the root. Besides,
the states located after ρ1 and ρ2 are not equivalent, so they cannot be joined.
Finally, we can add ψ3 and min(ρ3, ρ4) as in s10 and s11.

In order to keep the presentation as simple as possible, we have preferred to
introduce our semantics on a class of (stochastic) labelled transition systems. As
we said before, we will separate between usual actions and stochastic actions.
Random variables associated with stochastic transitions may have any kind of
probability distribution. In Section 2 we present this class of labelled transition
systems. In Section 3, we define three notions of bisimulation (strong, weak, and
weak stochastic). As usually, weak bisimulation is weaker than strong bisimu-
lation. We will also show that the new defined weak stochastic bisimulation is
weaker than weak bisimulation. Finally, in Section 4 we present our conclusions
and some lines for future work.

2 Stochastic Labelled Transition Systems

In this section we define our model of stochastic processes. We consider a class
of labelled transition systems where transitions are labelled either by an action
or by a random variable. First, we introduce some concepts on random variables.



We will consider that the sample space (that is, the domain of random variables)
is the set of real numbers IR and that random variables take positive values only
in IR+, that is, given a random variable ξ we have P(ξ ≤ t) = 0 for all t < 0. The
reason for this restriction is that random variables are always associated with
time distributions. We also introduce the function ⊕. This operator will be used
when random variables associated with the same state are combined.

Definition 1. Let ξ be a random variable. We define its probability distribution
function, Fξ : IR → [0, 1], as the function such that Fξ(x) = P(ξ ≤ x), where
P(ξ ≤ x) is the probability that ξ assumes values less than or equal to x. We
denote by unit the random variable such that Funit (x) = 1 for all x ≥ 0.

Let ξ1, ξ2 be independent random variables with probability distribution
functions Fξ1 and Fξ2 , respectively. We define the combined addition of ξ1 and
ξ2, denoted by ξ1 ⊕ ξ2, as the random variable with probability distribution
function Fξ1⊕ξ2(x) = Fξ1(x) + Fξ2(x) − Fξ1(x) · Fξ2(x). This operator can be
generalized to an arbitrary (finite) number of random variables. Let Ψ = {ξi}i∈I
be a non-empty finite set of independent random variables. We define the com-
bined addition of the variables in Ψ , denoted by ⊕Ψ , as the random variable such
that F⊕Ψ (x) =

∑
∅⊂Φ⊆Ψ (−1)(|Φ|+1)F⊗Φ(x) where F⊗Ψ (x) = Π i∈I Fξi(x). ��

Let us note that for singleton sets, Ψ = {ξ}, we have ⊕Ψ = ξ. Also note that
this operator does not correspond to the usual definition of addition of random
variables (we will denote the addition of random variables by +). Actually, it
can be shown that ⊕ computes the minimum of a set of random variables.

Lemma 1. Let Ψ = {ξ1, ξ2, . . . , ξn} be a non-empty set of independent random
variables, and let ξ be a random variable distributed as the random variable
min{ξ1, ξ2, . . . , ξn}. For all x ∈ IR we have Fξ(x) = F⊕Ψ (x).

We suppose a fixed set of actions Act (a, a′, . . . to range over Act) and a
special action τ /∈ Act to represent internal activity. We denote by Actτ the set
Act∪{τ} (α, α′, . . . to range over Actτ ). We denote by V the set of random vari-
ables (ξ, ξ′, ψ, . . . to range over V). Finally, γ, γ′, . . . will denote generic elements
in Actτ ∪ V .

Definition 2. A stochastic labelled transition system P is a pair (S,−→) where
S is a finite set of states, and −→⊆ S × (Actτ ∪ V) × S is a transition relation.

We will use the following conventions: s
γ−−→ s′ stands for (s, γ, s′) ∈−→ ;

s
γ−−→ stands for there exists s′ ∈ S such that s

γ−−→ s′; we write s
γ−−�→ if there

does not exist such an s′ ∈ S. We say that s is stable if s τ−−�→ . We denote by
τ==⇒ the reflexive and transitive closure of τ−−→ ; given γ �= τ , we write s

γ
==⇒ s′

if there exist s1, s2 such that s τ==⇒ s1
γ−−→ s2

τ==⇒ s′. Given a set A ⊆ Actτ ∪V ,
we write s A−−→ (resp. s A==⇒) if there exists γ ∈ A such that s

γ−−→ (resp. s
γ

==⇒),
and we write s A−−−−�→ (resp. s � A=⇒) if there does not exist such a γ. ��

Intuitively, a transition s a−−→ s′ indicates that a process may evolve from
s to s′ by performing the (visible) action a. A transition s τ−−→ s′ indicates



that a process may internally evolve from s to s′. Finally, a transition s
ξ−−→ s′

expresses that a process may evolve from the state s to the state s′ once the
(random) delay indicated by ξ has been elapsed. In order to avoid side effects,
we suppose that all the random variables labeling transitions of a process are
independent. In particular, this implies that the same random variable cannot
appear in different transitions. Note that this restriction does not forbid to have
identically distributed random variables (as far as they have different names).
This assumption would not be necessary if we defined stochastic delays by using
probability distribution functions. Anyway, for the sake of convenience, we will
sometimes use the same random variable in different transitions. For example,
two transitions labelled by the same random variable ξ (e.g. s9 in Figure 1) is
a shorthand to indicate that these transitions are labelled by two identically
distributed independent random variables ψ1 and ψ2.

The following examples show how the race policy (i.e. the fastest delay is
always taken in a process) identifies some processes that apparently should not
be equivalent.

Example 1. Consider s13 and s14 in Figure 1. Suppose that ξ is uniformly dis-
tributed over [0, 2], ψ1 is uniformly distributed over [1, 5], and that the proba-
bility distribution function of ψ2 is given by:

Fψ2(x) =

⎧⎪⎪⎨
⎪⎪⎩

0 if x ≤ 1
x−1

4
if 1 < x ≤ 4

x
2
− 5

4
if 4 < x ≤ 9

2

1 if 9
2

< x

Taking into account that ψ1 and ψ2 are not identically distributed, we could think
that s13 and s14 are not equivalent. However, as the fastest delay will be taken in
these states, after two units of time ξ will be chosen with probability 1 because
P(ξ ≤ 2) = 1. Since we have that ψ1 and ψ2 are identically distributed over
the interval [0, 4], so are they over [0, 2]. Thus, s13 and s14 should be equivalent.

��

Example 2. Consider again s13 and s14 in Figure 1, but now suppose that ξ is
uniformly distributed over [0, 1

2 ] and that ψ1 and ψ2 are defined as in Example 1.
We have that the probability of performing either ψ1 or ψ2 would be zero. In this
case, both s13 and s14 should be equivalent, and they should be also equivalent to
s2 (also in Figure 1). This is so because the delay associated with ξ is performed
with probability 1 after a half of a unit of time, and at that time ψ1 and ψ2

cannot be performed. ��

We also consider that internal actions are urgent, that is, given the fact
that they do not need to interact with the environment, they will be performed
as soon as possible, so no delay is allowed. This property, usually known as
maximal progress, appears in most timed and stochastic models. Moreover, we
will consider that if a state can evolve neither internally nor stochastically, this
state can wait any amount of time before any visible action is performed.



Definition 3. Let P = (S,−→) be a stochastic labelled transition system, s, s′ ∈
S, ξ, ψ ∈ V , t0 ∈ IR+, and C ⊆ S. We define the following concepts:

Maximum waiting time. The maximum waiting time for a state s, denoted
by maxW (s), is defined as

maxW (s) =

{
0 if s τ−−→
min{t | ∃ξ ∈ V : s

ξ−−→ ∧Fξ(t) = 1} otherwise

Identically distributed random variables. We say that ξ and ψ are identically
distributed with respect to states s and s′, denoted by ξ �s,s′ ψ, if maxW (s) =
maxW (s′) and for all t ≤ maxW (s) we have Fξ(t) = Fψ(t).

Feasible random variable. We say that the random variable ξ is feasible with
respect to t0, denoted by fact t0(ξ), if t0 > min{t | Fξ(t) > 0}.

Set positively reached. We say that s may positively reach C, denoted by
s↗C, if there exist s′ ∈ C and ξ ∈ V such that s

ξ−−→ s′ and factmaxW (s)(ξ).
��

The function maxW (s) will ensure maximal progress. If the state can evolve
internally, it cannot wait to perform any delay, and so maxW (s) = 0. If the state
is stable, then the function maxW (s) computes the maximum amount of time
that s can wait until a delay is performed with probability 1. We have considered
min ∅ = ∞. So, if s is stable and has no stochastic transitions then it can wait
as long as one of its transitions is enabled.

The predicate �s,s′ will be used to compare random variables. As previous
examples illustrate, probability distribution functions associated with random
variables are compared only in the interval of time limited by the maximum
waiting time of the corresponding states. For example, if we consider Example 1
we have ψ1 �s13,s14 ψ2 because maxW (s13) = maxW (s14) = 2. For that reason,
the states s13 and s14 should be equivalent. Meanwhile, in Example 2 the tran-
sitions ψ1 and ψ2 will not be taken into consideration (and so, we will say that
they are not feasible).

In order to avoid the computation of the minimum of an empty set of random
variables we have defined the predicate s↗C. This predicate holds if s can reach
C ⊆ S by performing a stochastic transition.

3 Stochastic Bisimulations

Next we define our notions of bisimulation. The first two ones correspond to the
typical notions of strong and weak bisimulations for stochastic processes (see for
example [Her98,BG98] for similar notions on a Markovian setting). The third
notion, that we call weak stochastic bisimulation, represents a refinement (i.e. it
is weaker) of the previous notions. We consider that not only internal actions may
be (partially) abstracted but also (in some cases) sequences of random variables
may be abstracted.

We start by giving the definition of strong bisimulation. First, we introduce
an auxiliary definition to combine random variables that, starting from the same
state, reach equivalent states.



Definition 4. Let P = (S,−→) be a stochastic labelled transition system, and
C ⊆ S. We define the strong random variable associated with the execution of
stochastic transitions from a state s ∈ S leading to C, denoted by ξs(s, C), as

ξs(s, C) = ⊕{ξ | ∃s′ ∈ C : s
ξ−−→ s′}. ��

The function ξs(s, C) combines all the random variables leading from s to a
state belonging to C by using the function ⊕. Let us remind that ⊕ computes
the minimum of a set of random variables.

Definition 5. We say that an equivalence relation R is a strong bisimulation
on P = (S,−→) if for all pair of states s1, s2 ∈ S we have that s1Rs2 implies:

– For all α ∈ Actτ , s1
α−−→ s′1 implies ∃s′2 such that s2

α−−→ s′2 and s′1Rs′2.
– For all C ∈ S/R, s1↗C implies s2↗C and ξs(s1, C) �s1,s2 ξs(s2, C).

We say that two states s1, s2 ∈ S are strongly bisimilar, denoted by s1 ∼s s2,
if there exists a strong bisimulation that contains the pair (s1, s2). ��

The definition of strong bisimulation mimics the one for non-stochastic sys-
tems: A transition from a state must be simulated by the same transition in the
other one. The first clause of the definition is the usual one for strong bisimula-
tion. The second clause is used to join several stochastic transitions leading to
the same equivalence class. Note that ξs(s1, C) and ξs(s2, C) do not need to be
equal for any time value; they have to take equal values for any time lower than
or equal to the maximum waiting time of both states. Finally, let us note that
the symmetric cases, where s1 and s2 exchange roles, are omitted because we
already force R to be an equivalence relation (and so R is symmetric).

Example 3. Consider the states s2, s13, and s14 from Figure 1 together with the
random variables defined in Examples 1 and 2. Let us define the sets of states C1

and C2 such that s′2, s
′
13, s

′
14 ∈ C1 and s′′13, s

′′
14 ∈ C2. Considering the values of

the random variables given in Example 1, we have ξs(s13, Ci) �s13,s14 ξs(s14, Ci)
for i ∈ {1, 2} (note that maxW (s13)=2=maxW (s14)). So, s13 ∼s s14.

Let us consider the random variables as defined in Example 2. In this case we
have that ξs(s2, C1) �s2,s13 ξs(s13, C1) �s13,s14 ξs(s14, C1). Note that the values
ξs(sj , C2) for j ∈ {2, 13, 14} should not be computed. So, s2 ∼s s13 ∼s s14. ��

Next we present a notion of weak bisimulation for stochastic processes. As
in the strong case, we will also impose the condition of reachability (given in
Definition 3) before we compute ξs. Nevertheless, the corresponding transitions
have to reach C τ instead of C, where C τ = {s | ∃s′ ∈ C : s τ==⇒ s′}.
Definition 6. We say that an equivalence relation R is a weak bisimulation
on a stochastic labelled transition system P = (S,−→) if for any pair of states
s1, s2 ∈ S we have that s1Rs2 implies:

– For all α ∈ Actτ , s1
α−−→ s′1 implies ∃s′2 such that s2

α==⇒ s′2 and s′1Rs′2.
– For all C ∈ S/R, s1

τ==⇒ s′1↗C τ implies ∃s′2 such that s2
τ==⇒ s′2↗C τ and

ξs(s′1, C
τ )�s′1,s′2 ξs(s′2, Cτ ).
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Fig. 2. Examples of strongly/weakly bisimilar processes.

We say that two states s1, s2 ∈ S are weakly bisimilar, denoted by s1 ∼w s2,
if there exists a weak bisimulation that contains the pair (s1, s2). ��

As in the definition of strong bisimulation, we distinguish between stochastic
transitions and usual action transitions. The first clause of the previous defini-
tion is the usual one for weak bisimulation. The last clause checks whether the
random variables associated with the states are identically distributed up to the
corresponding maximum waiting time. In this case, in order to (partially) ab-
stract internal transitions, it is also allowed the evolution by a (possibly empty)
sequence of internal actions.

Strong and weak bisimulations fulfill the usual properties. The proof is an
adaptation of the one given in [Mil89] by taking into account that, also in our
setting, the relation ∼s (resp. ∼w) can be defined as the union of all the relations
that are strong (resp. weak) bisimulations.

Lemma 2. Let P = (S,−→) be a stochastic labelled transition system. The
strong (resp. weak) bisimilarity relation on P , that is, ∼s (resp. ∼w) is an
equivalence relation on P . Moreover, ∼s (resp. ∼w) is a strong (resp. weak)
bisimulation on P and it is the largest strong (resp. weak) bisimulation on P .

Example 4. Consider Figure 2. States s21 and s22 are both strong and weak
bisimilar. Besides, s23 is weakly equivalent (but not strongly) to both s21 and s22.
In contrast, s24 and s25 are not equivalent under any of the bisimulations defined
in this paper. These examples show that these notions are conservative with
respect to the non-stochastic framework (see forthcoming Lemma 3).

Stochastic transitions leading to the same equivalence class must be joined.
Consider s26 and s27. These two states are (strongly and weakly) bisimilar due
to the fact that both stochastic transitions outgoing from s26 lead to the same
equivalence class. In this way, the delay after which P is enabled will be the
minimum of both random variables, that is, the same as in s27. Consider now s2
in Figure 1 and s28 in Figure 2. They are not strongly bisimilar because s2

τ−−�→
while s28

τ−−→ . However, s2 ∼w s28. The states s28 and s29 are not identified.
If s28 evolves by performing a τ transition then s29 cannot simulate this tran-
sition. This is a desired result (and standard in stochastic models) because the
identification of these two states would produce that a pure internal decision (as
in s28) should be treated as a probabilistic one. ��



These two notions of bisimulation restricted either to labelled transition sys-
tems, or to stochastic labelled transition systems where distributions are always
exponential, are equivalent to the classical notions of bisimulation, and to the
notions of bisimulation defined in [Her98], respectively. In the latter case it is
enough to take into account that when restricted to exponential distributions
we have that, for all s ∈ S, maxW (s) is equal either to 0 or ∞. Besides, for any

C ⊆ S, we have that s↗C can be simplified as ∃s′ ∈ C such that s
ξ−−→ s′. Un-

fortunately, it is not easy to compare our definitions with the corresponding to
models with general distributions. For example, [BG02] uses a preselection pol-
icy (instead of a race policy), while the clocks mechanism of [DKB98] is difficult
to compare with our model.

Lemma 3. Restricted to non-stochastic labelled transitions systems, ∼s (resp.
∼w) is equivalent to the strong (resp. weak) bisimulation defined in [Mil89].

Restricted to Markovian stochastic labelled transitions systems, ∼s (resp.
∼w) is equivalent to the strong (resp. weak) bisimulation defined in [Her98].

Nevertheless, this notion of weak bisimulation presents a drawback. Specifi-
cally, it considers stochastic transitions almost as visible ones. Obviously, stochas-
tic transitions cannot be considered to be just τ transitions because they carry
some information that τ transitions do not. However, as discussed in the intro-
duction, in some situations sequences of stochastic transitions should be iden-
tified. This is the case for s1 and s2 in Figure 1 for some particular random
variables ξ1, ξ2, and ξ.

Next, we define our new notion of bisimulation that we call weak stochastic
bisimulation. It is needed again an auxiliary function to compute the probability
of reaching a set of states from a state. First, we introduce some predicates
to indicate conditions on the continuations after evolving by internal and/or
stochastic transitions.

Definition 7. Let P = (S,−→) be a stochastic labelled transition system, R be
an equivalence relation on S, and s ∈ S. We define the following predicates:

Equivalence class. We denote by [s]R the equivalence class induced by R on
S containing s, that is, the set [s]R = {s′ ∈ S | sRs′}.

Stabilization of a state. We say that s′ is a stabilization of s with respect to
R, denoted by S tabR(s, s′), if s′ ∈ [s]R and s′ τ−−�→ , and for all r ∈ S we have
s

τ==⇒ r implies r ∈ [s]R.
Stochastically nondeterministic state. We say that s is stochastically nonde-

terministic with respect to R, and we write SndR(s), if there exist s1, s2 ∈ S
such that s↗[s1]R, s↗[s2]R, and [s1]R �= [s2]R.

Deterministically reached state. We say that s deterministically reaches s′ by
stochastic transitions with respect to R, denoted by DR(s, s′), if [s]R �= [s′]R
and exists s′′ ∈ S such that S tabR(s, s′′) and s′′↗[s′]R, and for all r ∈ S such
that s′′↗[r]R we have [s′]R = [r]R.

Stochastically deterministic state. We say that s is stochastically deterministic
with respect to R, denoted by SdR(s), if for any state r ∈ S we have s τ==⇒ r
implies r ∈ [s]R and one of the following two conditions holds:



– s
V−−−−�→ .

– For all s′ ∈ [s]R, ∃s′′ ∈ S such that s′↗[s′′]R implies [s′′]R = [s]R.
��

The predicate S tabR(s, s′) indicates that either s is stable or it stays in its
equivalence class after performing any sequence of internal transitions. We will
use any stable state s′ belonging to the class of s to study its associated random
variables.

The predicate SndR(s) indicates the case when continuations after the per-
formance of a stochastic action should not be added. We reject to (immediately)
study the continuations if the states reached after performing stochastic tran-
sitions do not belong to the same equivalence class. As we have already say,
it is important to note that not all the stochastic transitions outgoing from a
state are considered. For example, the state s13 appearing in Example 2 is not
stochastically nondeterministic. Consider s31 in Figure 4. In this case, the con-
tinuations after the execution of the initial stochastic transitions, (that is, after
ξ1, ξ2 and ξ3) are not equivalent if ψ1 and ψ2 are not identically distributed.
That is, s′31 and s′′′31 will not be equivalent. Let us consider that ξ1, ξ2 and ξ3
are such that maxW (s31) > min{t | Fξi(t) > 0} for i ∈ {1, 2, 3}. In this case, all
the stochastic transitions are considered. So, we have that s31 is a stochastically
nondeterminist state.

Meanwhile, the predicate DR(s, s′) represents the reverse case. The contin-
uations will be joined when all the stochastic transitions outgoing from a state
lead to states belonging to the same equivalence class. For example, in Figure 4,
we have that s′37 deterministically reaches the state s′′37. So, if ξ = ψ+ (ψ1 ⊕ψ2)
then s37 should be equivalent to s2 in Figure 1.

Finally, the predicate SdR(s) represents the case when all the stochastic and
internal transitions outgoing either from s or from any state of its equivalence
class reach states belonging to [s]R. For example, in Figure 1, we have that s5
is a stochastically deterministic state.

The following function represents the core of the definition of weak stochastic
bisimulation. The key point is the addition of the continuations only when it does
not distort the choice in the upper level. A similar approach, that is, to introduce
an auxiliary function to define weak bisimulation, is taken in [BH97] although
for a much simpler model.

Definition 8. Let P = (S,−→) be a stochastic labelled transition system, R an
equivalence relation on S, and C ∈ S/R. We define the weak stochastic random
variable associated with the stochastic transitions outgoing from a state s0 of P
leading to a state belonging to C, denoted by ξwst(s0, C,R), in Figure 3. ��

Let us note that the previous function is partial because not all the classes of
a given equivalence relation will be stochastically reached with a weak stochas-
tic random variable. Let us remind that unit is the random variable given in
Definition 1 and that for any class A, Aτ is the set {s ∈ S | ∃s′ ∈ A : s τ==⇒ s′}.
The first clause is applied if s0 belongs to the class we are interested in (or this
class can be reached after the execution of several internal transitions) and it is
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∃s′′ ∈ S : (¬S tabR(s′, s′′) ∨ SndR(s′′))

)⎞⎟⎠

⎞
⎟⎟⎟⎟⎠

ξs(s, [s
′]τR)

+
ξwst(s

′, C,R)
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Fig. 3. Definition of the weak stochastic random variable ξwst(s0, C,R).

stochastically deterministic. For example, for s4 and s5 in Figure 1, if we con-
sider R such that [s4]R = [s5]R then the random variables associated with s4 to
reach [s4]R and with s5 to reach [s5]R are identically distributed as unit .

The other two cases are considered when s0 is not in C τ . The second case
is applied if there exists a stable state s ∈ S, reached from s0 after performing
internal transitions, and either s may perform a visible action, or not all of
the feasible initial stochastic transition (or their continuations) lead to the same
equivalence class. In this case, we do not add the continuations. Consider Figure 4
and an equivalence relation R such that [s31]R = {s31}, [s′31]R = {s′31, s′′31}, and
[s′′′31] = {s′′′31}. We have ξwst(s31, [s′31]R,R) = ξwst(s31, [s′′31]R,R) = ξ1 ⊕ ξ2, and
ξwst(s31, [s′′′31]R,R) = ξ3.

The third clause is taken if all the feasible initial stochastic transitions are
joined and their continuations lead to equivalent states. In this case, we should
not stop counting after the initial transitions. We join the initial stochastic
transitions (by using ξs) and then we add the results to the random variable
corresponding to the continuations. Consider the states s15 and s17 in Fig-
ure 1 and an equivalence relation R such that [s15]R = {s15, s17} = [s17]R,
[s′15]R = {s′15, s′17} = [s′17]R, and [s′′′15]R = {s′′′15, s

iv
15, s

′′
17} = [s′′17]R. In this case,

ξwst(s′15, [s′′′15]R,R) = ξwst(s′17, [s′′17]R,R) = ψ3 + (ρ3 ⊕ ρ4). Finally, it is obvious
to check that the three cases are mutually exclusive.

In the previous definitions of bisimulation we have imposed s↗C, before
computing ξs(s, C), to ensure that this function was defined. But this condition
is not enough to assure that ξwst(s, C,R) is defined. There exist two reasons
why this function could be indefinite: Either there does not exist a path to
reach C from s or there exists a path but it is illegal. We will say that a path

p ≡ s
ξ1==⇒ s1 . . . sn−1

ξn==⇒ sn is legal if the states of the path fulfill the conditions
of any of the three clauses of the definition of ξwst(s, C,R). Intuitively, we need
to consider only those paths such that the function ξwst can be applied in every
step of the computation.
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Fig. 4. Examples of weakly stochastic bisimilar processes.

Definition 9. Let P = (S,−→) be a stochastic labelled transition system, C ⊆
S, R an equivalence relation on S, and s0, si ∈ S, ξi ∈ V with 1 ≤ i ≤ n. We

say that p ≡ s0
ξ1==⇒ s1

ξ2==⇒ s2 · · · sn−1
ξn==⇒ sn is a legal path to reach C with

respect to R, denoted by legalR(p, C), if one of the following conditions hold:

1. s0 ∈ C τ , SdR(s0), and n = 0.
2. s0 �∈ C τ , n = 1, there exists s ∈ S such that S tabR(s0, s), factmaxW (s)(ξ1),

s1 ∈ C τ , and
(
s Act−−−−→ ∨ SndR(s) ∨ (DR(s, s1) ∧ s1

Act===⇒) ∨
(DR(s, s1) ∧ ∀s′′ ∈ S : S tabR(s1, s′′) implies SndR(s′′))

)
.

3. s0 �∈ C τ , there exists s ∈ S such that S tabR(s0, s), s
Act−−−−�→ , DR(s, s1), and

for all 1 ≤ i ≤ n−1 we have si � Act===⇒ and DR(si, si+1) and, finally, sn ∈ C τ

and SdR(sn).

We say that C is stochastically reached from s0 with respect to R, denoted
by s0 =⇒RC, if there exists a path p from s0 such that legalR(p, C). ��

Let us remark that if there exists a legal path p from s to C then all the
paths from s to states in C whose stochastic transitions are feasible are also legal.
This is so because the condition to be a legal path considers all the stochastic
transitions that each state can perform. Actually, the predicate s =⇒RC is used
to check that one of the clauses in Definition 8 holds.

Lemma 4. Let P = (S,−→) be a stochastic labelled transition system, C ⊆ S, R
an equivalence relation in S and s ∈ S. If s =⇒RC then the function ξwst(s, C,R)
is well defined.

Once we have defined the previous predicate, we present the notion of weak
stochastic bisimulation.

Definition 10. We say that an equivalence relation R is a weak stochastic
bisimulation on P = (S,−→) if for any pair of states s1, s2 ∈ S we have that
s1Rs2 implies:
– For all α ∈ Actτ , s1

α−−→ s′1 implies ∃s′2 such that s2
α==⇒ s′2 and s′1Rs′2.

– For all C ∈ S/R, s1
τ==⇒ s′1, s

′
1

τ−−�→ , and s′1 =⇒RC implies ∃s′2 such that
s2

τ==⇒ s′2 =⇒RC and ξwst(s′1, C,R) �s′1,s′2 ξwst(s′2, C,R).



We say that two states s1, s2 ∈ S are weakly stochastic bisimilar, denoted by
s1 ∼wst s2, if there exists a weak stochastic bisimulation that contains the pair
(s1, s2). ��

The difference between ∼w and ∼wst comes from the definition of ξwst and
the new condition (s =⇒RC) to ensure that ξwst(s, C,R) is computed only if there
exists a legal path from s reaching C.

Example 5. Consider s31, s32, and s33 in Figure 4. Let us suppose that all the
stochastic transitions are feasible with respect to the state they lead from. We
have that s31 and s32 are both weakly and weakly stochastic bisimilar. On the
contrary, s33 is not equivalent to them. The point is that while the choice ap-
pearing in s31 and s32 is made between ξ3 and the minimum of ξ1 and ξ2, in the
case of s33 the choice is distorted by ψ1 and ψ2.

Consider s34, s35, and s36, the first two ones are weakly stochastic bisimilar
(they are not weakly bisimilar). However, s34 and s36 are not weakly stochastic
bisimilar because s34 is always able to perform a while this is not the case for
s36. If the stochastic transition s36

ξ1−−→ is performed then this process will not
be able to perform a until the delay ξ2 is elapsed. ��

This new bisimulation also fulfills the usual properties. The proof is a little
bit more involved than the ones for strong and weak bisimulations because of
the definition of ξwst.

Lemma 5. Let P = (S,−→) be a stochastic labelled transition system. Weak
stochastic bisimilarity on P (that is, the relation ∼wst) is an equivalence relation
on P . Moreover,∼wst is a weak stochastic bisimulation on P and the largest weak
stochastic bisimulation on P .

Theorem 1. Let P = (S,−→) be a stochastic labelled transition system, and
s1, s2 ∈ S. We have that s1 ∼s s2, implies s1 ∼w s2. Besides, if s1 ∼w s2, then
s1 ∼wst s2.
Corollary 1. ∼s � ∼w � ∼wst.

4 Conclusions and Future Work

In this paper we have studied bisimulation semantics for a class of stochastic pro-
cesses with general distributions. We have presented a notion of weak stochastic
bisimulation to solve some of the counterintuitive results that appeared in previ-
ous definitions. One key point that we have not addressed in this paper is how
our results can be extended to a more complex language. In particular, to define
a parallel operator in the context of general distributions is always involved.
We obtained some preliminary results in [LNR04], but the formulation of the
resulting (weak) bisimulation relation is very involved.

Acknowledgments. We would like to thank David de Frutos for helpful dis-
cussions on the topic of this paper.
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